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Phase-field method with elasticity

The eigenstrain is given by

ε◦ij = εδij

For spinodal decomposition, we generally assumes that

ε◦ij = η(c− c0)δij

where
η =

1

a

da

dc

a is the lattice parameter.
The stress is

σij = Cijkl

(
εkl − η(c− c0)δkl

)
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Incorporate elasticity in free energy

The free energy for Cahn-Hilliard equation with consideration of
elasticity is

F =

∫
V

[
f(c) +We(εij , c)︸ ︷︷ ︸

elastic effect

+κ|∇c|2
]
dV

To make total amount of c conserved,∫
(c− c0)dV = 0

Finally, we reach

F =

∫
V

[
f(c) +We(εij , c) + κ|∇c|2 − λ(c− c0)

]
dV
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At equilibrium

δ

∫
We(εij , c)dV = 0

=

∫ [
∂We

∂εij
δεij +

∂We

∂c
δc

]
dV

=

∫ [
σijδεij +

∂We

∂c
δc

]
dV

(1)

First term of RHS of (1) is∫
σijδεijdV =

∫
σij

1

2
δ(ui,j + uj,i)dV

=

∫
σijδui,jdV =

∫
σij(δui),jdV

(2)

For further development,(
σijδui),j = σij,jδui + σij(δui),j (3)
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By divergence theorem,∫
(σijδui),jdV =

∫
σijnjδuidS (4)

Combine (2) to (4),∫
σijδεijdV =

∫
σij(δui),jdV =

∫
(σijδui),jdV −

∫
σij,jδuidV

=

∫
σijnjδuidS −

∫
σij,jδuidV

(5)

Kunok (KHU) Phase-field model December 27, 2024 7 / 19



The elastic energy

We =
1

2
σklε

e
kl =

1

2
Cijklε

e
ijε

e
kl

=
1

2
Cijkl(εij − η(c− c0)δij)(εkl − η(c− c0)δkl)

The derivative

We

∂c

∣∣∣∣
εij

=
1

2
Cijkl

[
− ηδij(εkl − η(c− c0)δkl)

− ηδkl(εij − η(c− c0)δij)
]

= −Cijklηδij(εkl − η(c− c0)δkl)

= −Cjjklη(εkl − η(c− c0)δkl)

= −ησjj
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Derivative of the free energy becomes

δF =

∫ [[
∂f

∂c
− κ∇2c− ησjj − λ

]
δc− σij,jδuj

]
dV

+

∫
σijnjδuidS = 0

To satisfy it,

λ =
∂f

∂c
− κ∇2c− ησjj σij,j = 0 σijnj |Ω = 0

Since
J = −M∇λ

∂c

∂t
= ∇ · J

∂c

∂t
= M

[
∂2f

∂c2
∇2c− η∇2σjj − κ∇4c

]
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Mechanical equilibrium condition

How do we determine σij?

σij,j = 0 (6)

σij = Cijkl

(
εkl − ηδkl(c− c0)

)
= Cijkl

(
uk,l − ηδkl(c− c0)

)
σij,j = Cijkl

(
uk,lj − ηc,jδkl

)
(7)

c,j =
∂c

∂xj

Combining (6) and (7), we reach

Cijkluk,lj = Cijklηc,jδkl (8)

Linear equation for uk,lj , however it is coupled.
Coupled linear problem can be relatively easily approached by the
Fourier transform.
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Fourier transforms, not worry about boundaries at ∞.

uk,lj =
∂2uk
∂xl∂xj

Take Fourier transforms of uk,lj∫
∂2uk
∂xl∂xj

e−ik·xdx = −klkj ũk

(8) can be rewritten after taking Fourier transform,

Cijklklkj ũk(k) = iηCijklkj c̃(k)δkl

Three equations (k = 1, 2, 3) for three unknowns.
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Cramer’s rule

For the linear problem
AŨ = b

where

A =

a11 a12 a13
a21 a22 a23
a31 a32 a33

 Ũ =

ũ1ũ2
ũ3

 b =

b1b2
b3


Ai is a matrix with column i replaced by b.

ũi =
|Ai|
|A|

Aik = Cijklklkj

|Ai| = biNij

where Nij is the cofactor matrix.
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Proceed to

|A1| =

b1 a12 a13
b2 a22 a23
b3 a32 a33

 = b1

∣∣∣∣a22 a23
a32 a33

∣∣∣∣+ b2

∣∣∣∣a12 a13
a32 a33

∣∣∣∣+ b3

∣∣∣∣a12 a13
a22 a23

∣∣∣∣
|Ai| = iCjlmkδmkηc̃(k)klNij

ũi(k) = iCjlmmηklc̃(k)
Nij

|A|

Introduce Ωij =
Nij

|A|

ũi(k) = iCjlmmηklc̃(k)Ωij

Finally we have

σrs = Crskl

(
uk,l(x)− η(c(x)− c0)δkl

)
with

uk(x) =
∫

ũk(k)eik·xdk c(x)− c0 =

∫
c̃(k)eik·xdk

Kunok (KHU) Phase-field model December 27, 2024 13 / 19



Proceed to

σrs(x) = Crskl

[
i

∫
klũk(k)eik·xdk − η

∫
c̃(k)eik·xδkldk

]

= Crskl

[
η

∫
CjnmmklknΩkj c̃(k)eik·xdk − η

∫
c̃(k)eik·xδkldk

]

= Crsklη

∫ [
CjnmmklknΩkj − δkl

]
c̃(k)eik·xdk

Then Cahn-Hilliard equation becomes

∂c

∂t
= M

[
f ′′(c)c,ii − ησkk,ii − κc,iiii

]
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Take Fourier transform

σrs(x) =
∫

σ̃rs(k)eik·xdk

σrs,ii(x) = −
∫

k2σ̃rs(k)eik·xdk

= −
∫

k2ηCrsoi

[
CjlmnklkiΩoj − δoj

]
c̃(k)eik·xdk

σkk,ii(x) = −
∫

k2ηB(k)c̃(k)eik·xdk

where
B(k) = −Ckkoi

[
CjlmmklkjΩoj − δoj

]
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We have the relation
c(x, t) = ĉ(x)eq(k)t

Cahn-Hillard equation becomes

∂ĉ(x)
∂t

= −M
[
(f ′′ +B(k)η2)k2 + κk4

]
ĉ(x)

where
q(k) = −M

[
(f ′′ +B(k)η2)k2 + κk4

]
q(k) now depends on the crystallography.
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If
f ′′ + η2B(k) + κk2 < 0

hold for all k,
f ′′ + η2B(k) < 0

if f ′′ < 0, B(k) > 0 then it is possible for the system to be stable
even though f ′′ < 0
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B(k) can be anisotropic.
For cubic crystal the anisotropy factor is

2C44 − C11 + C12
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For cubic crystal, we can generally say

B(k) =
1

2
(C11 +2C12)η

2

[
3− C11 + 2C12

C11 + 2(2C44 − C11 + C12)(k2
1k

2
2 + k2

3k
2
2 + k2

1k
2
3)

]
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