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Stability of a Solution and Thermodynamic Factor

At given T and p, we have

∆S ir = δ2S = −
∑n

i=1 dµidNi

T
< 0

proceed to

∆G = −T∆S ir =

n∑
i=1

dµidNi > 0

The perturbations dµi is

dµi =

n∑
j=1

(
∂µi
∂Nj

)
dNj

then

∆G =
n∑

i=1

n∑
j=1

(
∂µi
∂Nj

)
dNidNj =

n∑
i=1

n∑
j=1

(
∂2G

∂Ni∂Nj

)
dNidNj
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Stability of a Solution and Thermodynamic Factor

For thermodynamically stable solution,

∆G =

n∑
i=1

n∑
j=1

(
∂2G

∂Ni∂Nj

)
dNidNj > 0

For A-B binary solution, stability conditions of a homogeneous solution
is (

∂2G

∂N2
A

)
T,p,NB

=

(
∂µA

∂NA

)
T,p,NB

> 0

(
∂2G

∂N2
B

)
T,p,NA

=

(
∂µB

∂NB

)
T,p,NA

> 0∣∣∣∣∣∣
∂2G
∂N2

A

∂2G
∂NA∂NB

∂2G
∂NA∂NB

∂2G
∂N2

B

∣∣∣∣∣∣ =
∣∣∣∣∣ ∂µA
∂NA

∂µB
∂NA

∂µA
∂NB

∂µB
∂NB

∣∣∣∣∣ > 0
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Stability of a Solution and Thermodynamic Factor

If the total number of moles N is fixed,

∆G = −T∆S ir = dµAdNA + dµBdNB = d(µB − µA)dNB > 0

For N = 1mol,

∆µ = dµAdxA + dµBdxB = d(µB − µA)dxB > 0

since (
∂µ

∂xB

)
T,p

= µB − µA

therefore,

∆µ = dµAdxA + dµBdxB =

(
∂µ

∂xB

)
T,p

dxB > 0

∆µ = dµAdxA + dµBdxB = d

(
∂2µ

∂x2B

)
T,p

(dxB)
2 > 0
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Stability of a Solution and Thermodynamic Factor

For a binary solution,(
∂2µ

∂x2B

)
T,p

> 0

(
∂2µ

∂x2A

)
T,p

> 0

The second derivative of chemical potential of the solution is(
∂2µ

∂x2B

)
T,p

=

(
∂(µB − µA)

∂xB

)
T,p

=

(
∂µB

∂xB

)
T,p

+

(
∂µA

∂xA

)
T,p

We express the chemical potentials of a component in terms of
activity coefficient and composition,

µi = µ◦i +RT ln γi +RT lnxi

Kunok (KHU) Thermodynamics November 3, 2024 7 / 11



Stability of a Solution and Thermodynamic Factor

It follows that(
∂µA

∂ lnxA

)
T,p

= RT

(
1 +

∂γA

∂ lnxA

)
= RTψ

(
∂µB

∂ lnxB

)
T,p

= RT

(
1 +

∂γB

∂ lnxB

)
= RTψ

proceed to (
∂µA

∂xA

)
T,p

=
RT

xA
ψ

(
∂µB

∂xB

)
T,p

=
RT

xB
ψ

The second derivative of chemical potential is(
∂2µ

∂x2B

)
T,p

=

(
∂µA

∂xA

)
T,p

+

(
∂µB

∂xB

)
T,p

=
RT

xAxB
ψ
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Stability of a Solution and Thermodynamic Factor

Also we have

ψ =

(
1 +

∂ ln γA

∂ lnxA

)
=

(
1 +

∂ ln γB

∂ lnxB

)
=
xAxB

RT

(
∂2µ

∂x2B

)
T,p

is called the thermodynamic factor in chemical diffusion kinetics.
For a stable solution,

ψ > 0

which implies that(
∂µA

∂xA

)
T,p

> 0

(
∂µB

∂xB

)
T,p

> 0

(
∂2µ

∂x2B

)
T,p

> 0

The thermodynamic stability limit is reached if(
∂µA

∂xA

)
T,p

= 0

(
∂µB

∂xB

)
T,p

= 0

(
∂2µ

∂x2B

)
T,p

= 0
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Stability of a Solution and Thermodynamic Factor

In a unstable region,

ψ < 0

(
∂µA

∂xA

)
T,p

< 0

(
∂µB

∂xB

)
T,p

< 0

(
∂2µ

∂x2B

)
T,p

< 0
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Stability of a Solution and Thermodynamic Factor

The conditions for stable(S), metastable(MS) and unstable(US) are
schematically drawn.
Finally, at a critical point, the critical temperature and composition at
which two spinodal points merge into one, the chemical potential of
component i satisfies the following conditions,(

∂2µ

∂x2B

)
T,p

= 0
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