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Two state paramagnet

Assume the two state paramagnet, assume two possible energies,
−µB and +µB,

Z =
∑
s

e
−Es
kBT = e

µB
kBT + e

−µB
kBT = 2 cosh

(
µB

kBT

)
The probabilities would then be

P↑ =
e

µB
kBT

2 cosh
(

µB
kBT

) P↓ =
e

−µB
kBT

2 cosh
(

µB
kBT

)
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Two state paramagnet

The average energy of a molecule would be

E =
1

Z

∑
s

E(s)e−βEs = −µBP↑ + µBP↓ = −µB
e

µB
kBT − e

−µB
kBT

2 cosh
(

µB
kBT

)
= −µB

2 sinh
(

µB
kBT

)
2 cosh

(
µB
kBT

) = −µB tanh

(
µB

kBT

)

For the collection of N , the internal energy would be

U = −NµB tanh

(
µB

kBT

)
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Rotational Kinetic Energy of Molecules

In Quantum mechanics, angular momentum of quantum system is

Erot = EJ =
ℏ2

2I
J(J + 1) = εJ(J + 1) J = 0, 1, 2, · · ·

where J is the orbital quantum number and considering orbital
magnetic quantum number, the degeneracy of state at J orbital
quantum number is 2J + 1.
At classical mechanics limit, dJ → 0, in other words, kBT ≫ ε, the
partition function is given by

Z =

∞∑
s=1

exp

(
− Es

kBT

)
=

∞∑
J+1

(2J + 1) exp

(
−εJ(J + 1)

kBT

)
≃

∫ ∞

0
(2J + 1) exp

(
−εJ(J + 1)

kBT

)
dJ =

kBT

ε
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Average energy of the system at given temperature

The average energy of the system at given T is

E =

∑
Es exp

(
− βEs

)∑
exp

(
− βEs

) =

∑
Es exp

(
− βEs

)
Z

Since we have
∂Z

∂β
=

∑
−Es exp

(
− βEs

)
therefore,

E = − 1

Z

∂Z

∂β
= −∂ lnZ

∂β
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Average energy of the system at given temperature

At high temperature, kBT ≫ ε,

E = − 1

Z

∂Z

∂β
= − ε

kBT

∂

∂β

kBT

ε
= −εβ

∂

∂β

(
1

βε

)
=

1

β
= kBT

which yields the average rotational energy.
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