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Changes with Pressure at Constant Temperature

Since
du = Tds− pdv

the variation under constant temperature,(
∂u

∂p

)
T

= T

(
∂s

∂p

)
T

− p

(
∂v

∂p

)
T

= −Tvα+ pvβT

Since
dh = Tds+ vdp

the variation under constant temperature,(
∂h

∂p

)
T

= T

(
∂s

∂p

)
T

+ v = −Tvα+ v = v(1− Tα)
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Changes with Pressure at Constant Temperature

Since
df = −sdT − pdv

the variation under constant temperature,(
∂f

∂p

)
T

= −p

(
∂v

∂p

)
T

= pvβT

Also, (
∂s

∂p

)
T

= −vα(
∂µ

∂p

)
T

= v
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Changes with Pressure at Constant Temperature

The finite changes

∆u = u(T0, p)− u(T0, p0) =

∫ p

p0

(
∂u

∂p

)
T

dp =

∫ p

p0

v
(
pβT − T0α

)
dp

∆h = h(T0, p)− h(T0, p0) =

∫ p

p0

(
∂h

∂p

)
T

dp =

∫ p

p0

v
(
1− T0α

)
dp

∆s = s(T0, p)− s(T0, p0) =

∫ p

p0

(
∂s

∂p

)
T

dp = −
∫ p

p0

vαdp

∆f = f(T0, p)− f(T0, p0) =

∫ p

p0

(
∂f

∂p

)
T

dp =

∫ p

p0

pvβTdp

∆µ = µ(T0, p)− µ(T0, p0) =

∫ p

p0

(
∂µ

∂p

)
T

dp =

∫ p

p0

vdp
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Changes with Pressure at Constant Temperature

The finite change of energies are

∆uT = T0∆s = Q

∆uM = −
∫ p

p0

[
∂(pv)

∂p

]
T

dp = −
∫ p

p0

[
v + pvβT

]
dp = −∆µ+W

∆uC = ∆µ
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Changes with Pressure at Constant Temperature

For constant isothermal compressibility independent of pressure,

v(T0, p) = v0(T0, p0) exp
[
− βT (p− p0)

]
therefore, ∫ p

p0

vdp = − v0
βT

[
exp

[
− βT (p− p0)

]
− 1

]
proceed to ∫ p

p0

vpβTdp = βT v0

∫ p

p0

p exp
[
− βT (p− p0)

]
dp
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Changes with Pressure at Constant Temperature

Performing the integration by parts,

βT

∫ p

p0

vpdp = −v0

[
p exp

[
− βT (p− p0)

]
− p0

]
− v0

βT

[
p exp

[
− βT (p− p0)

]
− 1

]
When thermal expansion coefficient and the isothermal compressibility
are constant,

∆u = v0

[[
p0 −

T0α− 1

βT

]
−
[
p− T0α− 1

βT

]
exp

[
− βT (p− p0)

]]

∆h =
(T0α− 1)v0

βT

[
exp

[
− βT (p− p0)

]
− 1

]
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Changes with Pressure at Constant Temperature

Also,
∆s =

αv0
βT

[
exp

[
− βT (p− p0)

]
− 1

]
∆f = −v0

[(
p exp

[
− βT (p− p0)

]
− p0

)
+

exp
[
− βT (p− p0)

]
− 1

βT

]
∆µ = − v0

βT
exp

[
− βT (p− p0)

]
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Changes with Pressure at Constant Temperature

When the condensed phase is incompressible, βT = 0,

∆u = −T0αv0(p− p0) ∆h = (1− T0α)v0(p− p0)

∆s = −αv0(p− p0) ∆f = 0 ∆µ = v0(p− p0)

For ideal gas,

∆u =

∫ p

p0

v(pβT − T0α)dp = 0 ∆h = −
∫ p

p0

v(1− T0α)dp = 0

∆s = −
∫ p

p0

vαdp = −R ln

(
p

p0

)
∆µ =

∫ p

p0

vdp = RT ln

(
p

p0

)
∆f =

∫ p

p0

pvβTdp = RT ln

(
p

p0

)
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Changes with Temperature and Volume

Assume the initial state (T0, v0) and the final state (T, v)

∆u =

∫ f

i

[(
∂u

∂T

)
v

dT +

(
∂u

∂v

)
T

dv

]

=

∫ T

T0

cvdT +

∫ v

v0

(
Tα

βT
− p

)
dv

∆h =

∫ T

T0

(
cv + v0

α

βT

)
dT +

∫ v

v0

Tα− 1

βT
dv

∆s =

∫ T

T0

cv
T
dT +

∫ v

v0

α

βT
dv

∆f =

∫ T

T0

[
cv − s(T0, v0)

]
dT − T

∫ T

T0

cv
T
dT −

∫ v

v0

pdv
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Changes with Temperature and Volume

Also,

∆µ =

∫ T

T0

[
cv +

v0α

βT
− s(T0, v0)

]
dT

− T

∫ T

T0

cv
T
dT −

∫ v

v0

dv

βT

When cv, βT and α are constant,

∆u = cv(T − T0) +

(
Tα− 1

βT
− p0

)
(v − v0) +

v

βT
ln

(
v

v0

)

∆h =

(
cv +

v0α

βT

)
(T − T0) +

1

βT
(Tα− 1)(v − v0)
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Changes with Temperature and Volume

When cv, βT and α are constant,

∆s = cv ln

(
T

T0

)
+

α(v − v0)

βT

∆f =
[
cv − s(T0, v0)

]
(T − T0)

− cvT ln

(
T

T0

)
−
(

1

βT
+ p0

)
(v − v0) +

v

βT
ln

(
v

v0

)
∆µ =

[
cv +

v0α

βT
− s(T0, v0)

]
(T − T0)

− cvT ln

(
T

T0

)
− v − v0

βT
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Changes with Temperature and Volume

For ideal gases,

∆u = cv(T − T0) ∆h = cp(T − T0)

∆s = cv ln

(
T

T0

)
+R ln

(
v

v0

)
∆f =

[
cv − s(T0, v0)

]
(T − T0)− cvT ln

(
T

T0

)
−RT ln

(
v

v0

)
∆µ =

[
cp − s(T0, v0)

]
(T − T0)− cvT ln

(
T

T0

)
−RT ln

(
v

v0

)
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Changes with Temperature and Pressure

Assume the initial state (T0, p0) and the final state (T, p)

∆u =

∫ f

i

[(
∂u

∂T

)
v

dT +

(
∂u

∂p

)
T

dp

]

=

∫ T

T0

(cp − pvα)dT +

∫ p

p0

v(pβT − Tα)dp

∆h =

∫ T

T0

cpdT +

∫ p

p0

v(pβT − Tα)dp

∆s =

∫ T

T0

cp
T
dT −

∫ p

p0

vαdp
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Changes with Temperature and Pressure

Assume the initial state (T0, p0) and the final state (T, p)

∆f =

∫ T

T0

[
cp − s(T0, p0)− pvα

]
dT − T

∫ T

T0

cp
T
dT +

∫ p

p0

pvβTdp

∆µ =

∫ T

T0

[
cp − s(T0, p0)

]
dT − T

∫ T

T0

cp
T
dT +

∫ p

p0

vdp

When α and βT are constant,

v(T, p0) = v0(T0, p0) exp
[
α(T − T0)

]
v(T, p) = v(T, p0) exp

[
− βT (p− p0)

]
v(T, p) = v0(T0, p0) exp

[
α(T − T0)− βT (p− p0)

]
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Changes with Temperature and Pressure

When α, cp and βT are constant,

∆u = cp(T − T0)− p0v0

[
exp

[
α(T − T0)

]
− 1

]
+ v0 exp

[
α(T − T0)

][[
p0 +

1− Tα

βT

]
−

[
p+

1− Tα

βT

]
exp

[
− βT (p− p0)

]]

∆h = cp(T − T0)

−
v0 exp

[
α(T − T0)

]
(1− Tα)

βT

[
exp

[
− βT (p− p0)

]
− 1

]
∆s = cp ln

(
T

T0

)
+

v0 exp
[
α(T − T0)

]
α

βT

[
exp

[
− βT (p− p0)

]
− 1

]
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Changes with Temperature and Pressure

When α, cp and βT are constant,

∆f =
[
cp − s(T0, p0)

]
(T − T0)− p0v0

[
exp

[
α(T − T0)

]
− 1

]
− cpT ln

(
T

T0

)
− v0 exp

[
α(T − T0)

]
×[[

p exp
[
− βT (p− p0)

]
− p0

]
+

1

βT

[
exp

[
− βT (p− p0)

]
− 1

]]

∆µ =
[
cp − s(T0, v0)

]
(T − T0)− cpT ln

(
T

T0

)
−

v0 exp
[
α(T − T0)

]
βT

[
exp

[
− βT (p− p0)

]
− 1

]
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Changes with Temperature and Pressure

For ideal gases,

∆u = cv(T − T0) ∆h = cp(T − T0)

Since

ds =

(
∂s

∂T

)
p

dT +

(
∂s

∂p

)
T

dp

=
cp
T
dT −

(
∂v

∂T

)
p

dp

For ideal gas,

v =
RT

p
→

(
∂v

∂T

)
p

=
R

p

therefore,

ds =
cp
T
dT − R

p
dp
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Changes with Temperature and Pressure

The finite difference of the properties are

∆s = cp ln

(
T

T0

)
−R ln

(
p

p0

)

∆f =
[
cv − s(T0, p0)

]
(T − T0)− cpT ln

(
T

T0

)
+RT ln

(
p

p0

)
∆µ =

[
cp − s(T0, p0)

]
(T − T0)− cpT ln

(
T

T0

)
+RT ln

(
p

p0

)

Kunok (KHU) Thermodynamics September 12, 2024 23 / 23


	Changes with Pressure at Constant Temperature
	Changes with Temperature and Volume
	Changes with Temperature and Pressure

